Abstract. Let G be a locally compact group and A{G) the algebra of matrix coefficients of the regular representation. We prove that G is amenable if and only if there exist functions u E A(G) which vanish at infinity at any arbitrarily slow rate. The "only if' part of the result was essentially known. With the additional hypothesis that G be discrete, we deduce that G is amenable if and only if every multiplier of the algebra A{G) is a linear combination of positive definite functions. Again, the "only if' part of this result was known.
1. Introduction. Let G be a locally compact group; let CQ(G) be the algebra of continuous complex-valued functions on G which vanish at infinity. We use the definitions and the terminology of [3] . We let B(G) be the Fourier-Stieltjes algebra consisting of all matrix coefficients of unitary representations of G, and A(G) the Fourier algebra consisting of matrix coefficients of the regular representation.
Regarded as the dual space of C*(G) (completion of LX(G) in the minimal regular norm), B(G) is a Banach algebra under pointwise multiplication and A(G) is a closed ideal in B(G). We let VN(G) be the von Neumann algebra of the regular representation X of G, which is the dual space of A(G). It is known and easy to
prove that if G is amenable there exist functions in A(G) which vanish at infinity at arbitrarily slow rates. More specifically, if G is amenable, for every f e C^G), there exist u e A(G) and g e C0(G) such that f(x) = u(x)g(x). This means of course that/(x) = o(u(x)) as x -» oo. We show that this property is characteristic of amenable groups. Theorem 1 contains this result and other equivalent characterizations of amenability.
Hence if G is nonamenable, the coefficients of the regular representation must satisfy some condition of decrease at infinity. For particular nonamenable groups specific significant conditions are known; for instance, if G is a semisimple Lie group with finite center, the Kunze-Stein phenomenon [2] implies that A(G) c np>2Lp(G), and if G is a free group with at least two generators, a coefficient u(x) of the regular representation must satisfy the condition {2|x|_"|u(x)|2}1/2 = 0(ri) where |jc| denotes the length of the reduced word x [9, Theorem 3.1, p. 291].
Our result shows that these phenomena, which we could call "generalized Kunze-Stein phenomena," are characteristic of nonamenable groups. For the case of a discrete nonamenable group G, we use the result above to prove that there exist multipliers of A(G) which are not in B(G). This fact was known for groups containing a free group with two generators [7] . into L'(G).
It is easy to see that the space 911(^4, M) is isometrically isomorphic to the space <é)IL(C0, KA/), since M(G) and F7V(G) are, respectively, the dual spaces of C^G) and/1(G).
The isomorphism is given by the following formula:
andllirm < || M||.
Moreover every multiplier is a Radon measure, generally unbounded. Indeed suppose that AT is a compact subset of G and let vK be a function in /1(G) such that vK(x) = 1 for every x in #. If u is a function in /1(G) with support in JT, then |<7,«>| = |<7,M%>| = |<« -T,vKy\ = |<«, r(o,)>| < HL iiirm h©ŵ here T is the element in 9H(C0, VN) corresponding to T in ^HA, M).
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We define the norm:
The Radon measures, generally, are unbounded, but we shall see that every multiplier is a bounded Radon measure if and only if G is amenable.
For every multiplier T in ?Ht(/l, M) let |r| be the absolute value of T in the measure theoretic sense. Then also |T| is a multiplier of A{G) into M(G) and llirm = III |r| |||.
This follows from the fact that, for every u in /1(G) with compact support K, <«, |r|(0jr)> = (u, \T(vK)\y and ||r(«)|| = || \T\(u) ||.
Finally, we observe that if S and T are Radon measures such that \S\ < \T\, then m \S\ HI < m |T\ |||.
Hence if 7 is a multiplier then also S is a multiplier because the multipliers of /1(G) into Af(G) are exactly the Radon measures 7 such that |||7||| < oo.
Definition 3. Let X be the subspace of C0(G) defined as follows:
It is not difficult to show that, with the norm || • ||^, the space A' is a Banach space. We can also prove the following lemma. Lemma 1. The space 91t(C0, VN) is isometrically isomorphic to the dual space of X; the duality is given by the following formula: <♦,*>-î<k*i k> for h in X, h -2, ",«" and <t in *(cj \n).
Proof. We can apply the proof of [6, Theorem 1], observing that C0(G) always has an approximate identity, bounded in the supremum norm, which consists of elements of /1(G). Proof, (a) implies (b). If G is amenable there is a bounded approximate identity in A(G) [13] . Since C0(G) is an /l(G)-module, (b) follows from the factorization theorem for Banach modules [11, (32 In the following corollary we prove that, for nonamenable groups, the condition of decrease at infinity of the Fourier algebra is a summability condition with respect to a positive measure.
Corollary.
If G is nonamenable there exists a positive Radon measure ¡i such that: hence \\<pF\\P < S\\mpF\\A = S\\t*pF\\B < 8|||ro|||.
Therefore <p g /2(G), as F is arbitrary. Theorem 2. If G is a discrete group, the following are equivalent: (a) G « amenable.
(b)91L(/4,^) = 5(G).
Proof. It is known that (a) implies (b) for locally compact groups [5, 10, 16] . We prove now that (b) implies (a).
If G is nonamenable there exists a multiplier/ of A{G) into /'(G) which is not in /'(G); it follows from Theorem 1.
Then h = |/|1/2 is a multiplier of .4(G) into /2(G) which is not in /2(G), as is easily seen. From Lemma 2 it follows that there exists a function <p in /°°(G) such that roA is not in B(G), but <ph G <9l(A, l2) c 9H(/4, A). Hence 5(G) ^ 91L(/4, A).
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